Abstract. Accurate calculation on circumferential natural frequencies of stator structure in permanent magnet synchronous motor (PMSM) is very important for predicting the vibration and noise of PMSM. The analytical modal formula for the stator structure in PMSM is proposed, starting from the mathematical displacement model of cylindrical shell, then deriving the analytical formula for the stator structure. Firstly, finite element method (FEM) is applied to analyze the circumferential natural frequencies of cylindrical shells with different length, wall thickness, mean diameter, diameter-thickness ratio, size and installation position of terminal box. The influences on circumferential natural frequencies of cylindrical shells are studied. Furthermore, a new analytical formula considering diameter-thickness ratio for calculating circumferential natural frequencies of cylindrical shells is developed. Compared with the results of FEM, the correctness of the analytical formula is verified. Then, novel analytical formulas considering stiffness errors are proposed to calculate the circumferential natural frequencies of stator core and motor case. Compared with the results of FEM, the effectiveness of analytical method is validated. Finally, a new analytical formula considering diameter-thickness ratio, stiffness errors, existence of terminal box and mutual constraints is presented to calculate the circumferential natural frequencies of stator structure. Compared with the results of FEM and experimental method, the relative errors are respective within |4.43 %| and |3.38 %|. The validity of analytical formula is confirmed.
Introduction
As compared to other motors, due to their high power density, good dynamic performance and high energy conversion efficiency, permanent magnet synchronous motors (PMSMs) have been more and more widely used in many fields, such as home appliances, machine tools, automobile, military and other fields [1, 2] , but there are still many problems to be solved. One of the problems is the electromagnetic vibration and noise generated during the operation of the motor. In 1987, Zhu Ziqiang, professor of the University of Sheffield, proved that the radial electromagnetic force acting on the stator surface and various order modes of stator structure were two key reasons for producing electromagnetic vibration and noise of PMSM [3] . Therefore, in order to effectively suppress electromagnetic vibration and noise, the modal frequencies of the motor should be away from the frequencies of electromagnetic force waves corresponding to order.
Accurate prediction on the modal frequencies of motor is the premise of suppressing electromagnetic vibration and noise [4, 5] . However, completely theoretical analysis on motor's mode is very complex. In 2006, Gieras J. F. et al. [6] presented that the stator teeth, windings and insulation materials were simplified into cylindrical shell loaded on the stator yoke. The cylindrical shell, stator yoke and motor case form a system to calculate natural frequencies of stator structure and the results are much better than the traditionally calculating method. Therefore, the accurate calculation on the circumferential natural frequencies of cylindrical shells is of great importance. The cylindrical shell of stator in motor is also a basic component of engineering structure. It is of great theoretical significance and engineering value to study the vibration characteristics of cylindrical shell of stator.
Many scholars and experts have studied the vibration of cylindrical shell of stator in motor [4, [7] [8] [9] . A new wave method for predicting the natural frequencies of finite length cylindrical shells is introduced by Wang C. et al. in 2000, as shown in the literature [10] . Based on Flügge classical thin shell theory and orthotropic theory, Gan Lin et al adopted the wave propagation method to study the free vibration of cylindrical shell [11] in 2009. The formula of Donnel-Mushtari theory is considered to be the most simple and practical, and the Flügge and Sander formula is considered to be more accurate [12, 13] . However, all the formulas are derived from the case of thin shells, and the influence of the variation of the wall thickness and other parameters of cylindrical shells on the natural frequencies is not considered. Moreover, the calculating results will be greatly different in the case of the same cylindrical shell by using different formulas. The influence of wall thickness and other parameters on the circumferential natural frequencies of cylindrical shells and the calculating results of different formulas are analyzed in this paper.
This paper investigates the calculating method for the circumferential natural frequency of stator in PMSM. The analytical modal formula for the stator structure in PMSM is proposed, starting from the mathematical displacement model of cylindrical shell, then deriving the analytical formula for the stator structure. Firstly, the circumferential natural frequencies of cylindrical shells with different length, wall thickness, mean diameter, diameter-thickness ratio, size and installment position of terminal box are calculated by finite element method. The influences on the circumferential natural frequencies of cylindrical shells are studied. Compared with the results of Hoppe theory and Donnel-Mushtari theory, the improved analytical formula for calculating circumferential natural frequencies of cylindrical shells is obtained. Compared with the results of FEM, the validity of the formula is verified. Secondly, the circumferential natural frequencies of stator core and motor case which are simplified into cylindrical shells are calculated. The stiffness correction coefficient of model simplification is gained. Finally, the circumferential natural frequencies of stator structure are calculated by analytical method, FEM and experimental method. Compared with the results of FEM and experiment method, the correctness of the analytical method is confirmed.
The remaining of this paper is organized as follows. Section 2 briefly explains the methods for modal analysis: cylindrical shell theory, FEM and experimental method. Section 3 analyzes the influence of factors (length, wall thickness and so on) on the circumferential natural frequency of cylindrical shells. Section 4 presents analytical formulas for calculating circumferential natural frequency of stator core and motor case. Section 5 gives a comprehensively analytical formula for calculating circumferential natural frequency of stator structure, and this formula takes into account the factors that are proposed in Section 3 and Section 4. This section also gives the results of FEM and experimental method to verify the correctness of analytical method. The conclusions are depicted in the last section.
Methods for modal analysis
The methods for modal analysis mainly include theoretical method (analytical and energy methods) and experimental method. In this paper, the adopted analytical method is cylindrical shell theory and the adopted energy method is FEM.
Cylindrical shell theory
For the thin-walled cylinder, the natural frequency of the th circumferential free vibrational mode can be expressed as:
On the basis of different theories, has different calculating methods, that is: (1) Hoppe theory. The formula for calculating circumferential ( ≥ 2) natural frequencies of cylindrical shells was first published by Hoppe in 1871 [14] . The lumped stiffness and mass:
where:
and substituting Eq. (2) and Eq. (3) into Eq. (1), the is obtained as:
(2) Donnel-Mushtari theory. In addition to the Hoppe theory, the Donnel-Mushtari theory is also used to calculate circumferential natural frequencies of cylindrical shells. The calculating formula for lumped mass is the same as the Eq. (3), but the lumped stiffness [15] :
and substituting Eq. (3) and Eq. (6) into Eq. (1), the is obtained as:
Finite element method (FEM)
The more accurately analytical method for calculating circumferential natural frequencies is the "energy method" which is based on the Lagrange equation-finite element method.
A unit body is taken and the Lagrange function is established as follows [16] :
The equation of motion for the unit can be derived by using the Hamilton principle, the stressstrain relation and strain-displacement relation, that is:
Each unit of the system is set up and the equation of motion for vibrational system can be obtained, that is:
The natural frequency is generally undamped free vibration, so it makes = { } and = { }. According to the theory of differential equations, the solution of Eq. (10) can be expressed as:
and substituting Eq. (11) into Eq. (10), it can be obtained as follows:
Based on the theory of linear equation, the necessary and sufficient condition for non-zero solution is as follows:
The frequency and corresponding to non-zero solution vector of satisfying Eq. (12) and Eq. (13) are solved.
Natural frequency test
The modal testing software of vibration and noise test system 7753 of Danish B&K Company is used to test motor's modes through the vibration exciter method in this paper. The modal testing system consists of prototype, signal collector, vibration exciter, signal generator, signal amplifier, accelerometer, force sensor and computer. The B&K modal testing system is depicted in Fig. 1 . In this paper, the free mode of stator structure is studied, so the tested stator structure is hanged in the midair by elastic rope, as shown in Fig. 2 . The experiment adopts the method with one point excitation and multipoint recording response to test the circumferential modes of stator structure. Firstly, the simplified model of the tested stator structure is modeled in the B&K Labshop software. Then, the circumference of the measured stator structure is the average set of 81 testing points, as described in Fig. 3 . The occurring signal is set as a random signal. Average 100-time vibration is as one step, and each step uses three acceleration transducers to record the signals of 3 testing points. Finally, the frequency response function of each testing point and the established experimental simplified model are imported into the post processing software Reflex of the B&K [17] . Pulse Reflex Modal Analysis software analyzes the measured natural frequency data. Each frequency response function is attached to the corresponding to testing point of the model. When the modes are chosen, Polyference Time is used to extract the modes of each interval. 
Analysis on factors affecting the circumferential natural frequencies of cylindrical shells
The FEM is used to respectively calculate circumferential natural frequencies of cylindrical shells with different length, wall thickness, mean diameter, diameter-thickness ratio, size and installation position of terminal box. The influences on the circumferential natural frequencies of cylindrical shells are researched. Compared with the calculating results of Hoppe theory and Donnel-Mushtari theory, the improved formula for calculating the circumferential natural frequencies of cylindrical shells is obtained.
Influence of length on the circumferential natural frequencies of cylindrical shells
The parameters of physical model used in modal calculation are shown in Table 1 . According to the selected material trademark, the material properties are found by the handbook of common materials for motor [18] . By changing the length of the cylindrical shells, the influence of it on the circumferential natural frequencies of cylindrical shells is studied. 
However, when the ratio of circumferential natural frequency is larger, with the increase of circumferential modal order, the ratio slightly declines. 
Influence of mean diameter on the circumferential natural frequencies of cylindrical shells
By keeping 0.144 m length and 0.004 m wall thickness of cylindrical shells unchanged, the mean diameter of cylindrical shells is changed to investigate its influence on the circumferential natural frequencies of cylindrical shells. The material properties are shown in Table 1 . The calculating results of FEM are described in Fig. 7 . As can be seen from Fig. 7 , the circumferential natural frequencies of cylindrical shells have upward trend with the decrease of mean diameter. In order to further analyze, the circumferential natural frequencies of cylindrical shells with different mean diameter are respectively divided by circumferential natural frequencies corresponding to order of cylindrical shell with 0.1 m mean diameter. The results are displayed in Fig. 8 . The ratio of circumferential natural frequencies of cylindrical shells with different mean diameter are inversely proportional to the square of the mean diameter which can be observed in this figure. The expression is as follows:
However, with the increase of circumferential modal order, the ratio slightly rises.
Analytical calculation on the circumferential natural frequencies of cylindrical shells
The circumferential natural frequencies of cylindrical shell with 0.1 m length, 0.1 m mean diameter and 0.01 m wall thickness are calculated by Eq. (5) and Eq. (7). The material properties are shown in Table 1 . The results calculated by analytical method and FEM are compared, as depicted in Table 2 . From Table 2 , it can be seen that with the increase of circumferential modal order, the relative errors of frequencies between Hoppe theory and FEM are more and more larger, but the relative errors of frequencies between Donnel-Mushatari theory and FEM are reduced. In order to analyze the reasons, by comparing the change rate of respective frequencies to investigate the variation trend of frequencies, the results on change rate of frequencies are illustrated in Table 3 . As can be seen from Table 3 , there is approximately linear relationship between the change rate of frequencies of Hoppe theory and that of FEM. With the increase of circumferential modal order of cylindrical shells, the errors of frequencies of Hoppe theory are increased in the form of accumulation, so the errors of frequencies are larger and larger. The differences between the change rate of frequencies of Donnel-Mushtari theory and that of FEM change from negative to positive, which make the relative errors between them fluctuate within a small range.
Through the above analysis, the variation trend of frequencies of Hoppe theory is more consistent with the actual situation. Therefore, the main reason which leads to the errors of change rate of frequencies of Hoppe theory should be analyzed. Based on the Eq. (5), the parameter which affects change rate of frequencies is the circumferential modal order . Therefore, the curve of change rate of frequencies of Hoppe theory does not vary with the dimension parameters of cylindrical shells, which makes it have linear errors with the change rate of frequencies of FEM. Through the analysis of Section 3.1, it can be seen that the length has little influence on the circumferential natural frequencies of cylindrical shells, so the influence of length on their circumferential modes is excluded. According to the Eq. (5) and Eq. (7), Hoppe theory and Donnel-Mushtari theory do not contain the length parameter of the cylindrical shells. Although the Eq. (5) contains the length parameter , also contains , the of Eq. (5) has no effect on the calculating results of frequencies. From the analysis of Section 3.2, it shows that circumferential natural frequencies of cylindrical shells have approximately linear relationship with wall thickness. From the analysis of Section 3.3, it proves that the circumferential natural frequencies of cylindrical shells have inversely proportional relationship with the square of the mean diameter. If the influence of mean diameter and wall thickness of cylindrical shells on the circumferential natural frequencies of cylindrical shells is considered at the same time, it can be concluded that the diameter-thickness ratio of cylindrical shells has direct influence on variation trend of the circumferential natural frequencies of cylindrical shells.
Influence of diameter-thickness ratio on the circumferential natural frequencies of cylindrical shells
The curve of change rate of circumferential natural frequencies of cylindrical shells with different diameter-thickness ratio is depicted in Fig. 9 . By comparing the change rate of circumferential natural frequencies of cylindrical shells with different diameter-thickness ratio, it shows that the change rate of circumferential natural frequencies of cylindrical shells has approximately linear relationship with the diameter-thickness ratio. The smaller the diameter-thickness ratio of cylindrical shells is, the lower the change rate of circumferential natural frequencies is. The higher the circumferential modal order is, the smaller the change rate of circumferential natural frequencies is. Therefore, when the diameter-thickness ratio of cylindrical shells is smaller, the differences between the change rate of frequencies calculated by Hoppe theory and that of FEM are larger. The Hoppe theory (Eq. (5)) is not suitable for the calculation of circumferential natural frequencies of cylindrical shells with the smaller diameter-thickness ratio. By changing the diameter-thickness ratio of cylindrical shells, the absolute errors between change rate of frequencies of Hoppe theory and that of FEM is described in Fig. 10 .
As illustrated in Fig. 10 , the curve is mainly divided into 3 changed regions. When the diameter-thickness ratio of cylindrical shells is greater than 90, the differences between the change rate of circumferential natural frequencies calculated by Hoppe theory and that of FEM are less than 0.001. When the diameter-thickness ratio of cylindrical shells is between 30 and 90, the differences between the change rate of circumferential natural frequencies calculated by Hoppe theory and that of FEM are less than 0.01. When the diameter-thickness ratio of cylindrical shells is less than 30, the differences between the change rate of circumferential natural frequencies calculated by Hoppe theory and that of FEM sharply increase. Therefore, it is necessary to adopt different calculating formulas to calculate the circumferential natural frequencies of cylindrical shells with different diameter-thickness ratio.
Fig. 10. Absolute errors between the change rate of circumferential natural frequencies calculated by Hoppe theory and that calculated by FEM of cylindrical shells with different diameter-thickness ratio
When the diameter-thickness ratio of cylindrical shells is greater than 90, the Hoppe theory is adopted to calculate circumferential natural frequencies. When the diameter-thickness ratio of cylindrical shells is less than 90, by adding the parameter of diameter-thickness ratio of cylindrical shells to the Eq. (5), the improved formula for calculating the circumferential natural frequencies of cylindrical shells is obtained. When the circumferential modal order is 2, the calculating formula is the same as the Eq. (5). When the circumferential modal order is greater than or equal to 3, the formula is:
When the diameter-thickness ratio of cylindrical shells is between 30 and 90, the influence coefficient of diameter-thickness ratio is: ∆= 0.0000022618514850241 − 0.000402825970969806δ + 0.019478436202699.
When the diameter-thickness ratio of cylindrical shells is less than 30, the influence coefficient of diameter-thickness ratio is:
The improved formula is used to calculate the circumferential natural frequencies of cylindrical shell of Table 2 . The results calculated by analytical method are compared with those calculated by FEM, as illustrated in Table 4 . As can be seen from Table 4 , the results calculated by improved formula are significantly better than the results calculated by the Hoppe theory and the Donnel-Mushtari theory.
Influence of terminal box on the circumferential natural frequencies of cylindrical shells
A circular terminal box is added to the cylindrical shell. The influence of size and installation position of terminal box on the circumferential natural frequencies of cylindrical shells is analyzed.
(1) Influence of size of terminal box on the circumferential natural frequencies of cylindrical shells.
By keeping the 0.292 m length, 0.191269 m mean diameter, 0.010269 m wall thickness and 0m distance between the center of terminal box and the axial center of cylindrical shell unchanged, the radius of terminal box is changed to investigate its influence on the circumferential natural frequencies of cylindrical shells. The material properties are shown in Table 1 . The calculating results of FEM are displayed in Fig. 11 .
From Fig. 11 , it can be seen that the circumferential natural frequencies of cylindrical shells with terminal box are bigger than the circumferential natural frequencies corresponding to order of cylindrical shell without terminal box, but the big or small of size of the terminal box has little influence on the circumferential natural frequencies of cylindrical shells. When the circumferential natural frequencies of cylindrical shells with terminal box are calculated, the stiffness correction coefficient due to the adding of the terminal box should be added. By least square fitting, is:
= 0.0028 + 0.0178 + 0.9896.
(2) Influence of installation position of terminal box on the circumferential natural frequencies of cylindrical shells.
By keeping 0.292 m length, 0.191269 m mean diameter, 0.010269 wall thickness and 0.022 m size of terminal box of cylindrical shell unchanged, the distance between the center of the terminal box and the axial center of cylindrical shell is changed to investigate its influence on the circumferential natural frequencies of cylindrical shells. The material properties are shown in Table 1 . The calculating results of FEM are illustrated in Fig. 12 .
From Fig. 12 , it can be seen that the distance between the center of the terminal box and the axial center of cylindrical shell has little influence on the circumferential natural frequencies, that is, the circumferential natural frequencies of cylindrical shells do not vary with the distance between the center of the terminal box and the axial center of cylindrical shell. 
Calculation on the circumferential natural frequencies of stator core and motor case
The analytical method and FEM are respectively adopted to calculate the circumferential natural frequencies of stator core and motor case. The results between analytical method and FEM are compared and the analytical formulas are modified.
(1) Calculation on the circumferential natural frequencies of stator core. The improved formula Eq. (16) for calculating the circumferential natural frequencies of cylindrical shell is used to calculate the circumferential natural frequencies of stator core ( Fig. 13(a) ). The stator core is simplified as a cylindrical shell with the same length, outer diameter and volume, as shown in the Fig. 13(b) . Due to the simplification of model, the stiffness error between the simplified cylindrical shell and the original model can be generated. Therefore, the stiffness correction coefficient of model simplification is added to the Eq. (16) . The formulas are as follows: For = 2: For ≥ 3:
Comparison on the calculating results between the analytical method (adopting the Eq. (22) and Eq. (23)) and FEM is shown in Table 5 , and the material properties are displayed in Table 1 According to the Table 5 , the relative errors between the calculating results of improved analytical formula and those of FEM is within 2.39 %, so the correctness of Eq. (22) and Eq. (23) is verified.
(2) Calculation on the circumferential natural frequencies of motor case. The motor case without terminal box is simplified as a cylindrical shell with the same inner diameter, length and volume. The circumferential natural frequencies of original motor case and the simplified cylindrical shell are calculated by FEM, and the comparison is depicted in Fig. 14. The material properties are shown in Table 6 . The actual motor case has terminal box ( Fig. 15(a) ). The simplified model (cylindrical shell) is displayed in Fig. 15(b) . After considering the stiffness errors of existence of terminal box and model simplification, the analytical formulas are as follows: For = 2:
For ≥ 3: By improved Eq. (26) and Eq. (27) and FEM, the circumferential natural frequencies of motor case are calculated, and the material properties are shown in Table 6 . Comparison on the calculating results is illustrated in Table 7 .
Based on the 
Experimental analysis
In order to validate the effectiveness of the above improved formula, the circumferential natural frequencies of stator structure (stator core, motor case, windings) (Fig. 16 ) is calculated by analytical method, FEM and experimental method. The material properties are shown in Tables 1, 6 and 8. The comparison on the calculating results is displayed in Table 9 . When the analytical method is adopted, the stator structure is regarded as 5 coaxial thin-walled cylinders, that is, the stator core, motor core, slot windings, two end windings are respectively regarded as the thin-walled cylinders. The moment of inertia of synthesis of coaxial thin-walled cylinder is equal to the sum of moment of inertia of each thin-walled cylinder. Assuming that the lumped stiffness of the stator core, motor case, slot windings and end windings is parallel to each other, so the lumped stiffness of the stator structure is the sum of the five. For the lumped mass, the same equivalent method is adopted. Based on the above assumptions and the mutual constraints among the components of the stator structure, the analytical expression for calculating circumferential natural frequencies of stator structure is: According to the modal test (Section 2.3), frequency response function of each testing point is summed, the natural frequency corresponding to each order of stator structure is analyzed and valued. Phase and amplitude of frequency response functions on some testing point are shown in Fig. 17. Fig. 18 is the comparison on the natural frequencies of different testing points (only extracting 10 testing points), and the natural frequencies on the Fig. 18 are the average value of natural frequencies corresponding to order of 10 testing points. In addition, Fig. 19 is the vibration mode shapes of stator structure obtained by experiment. The natural frequencies obtained by test are shown in Table 9 . Table 9 , the relative errors of the calculating results of improved analytical formula with those of FEM and experimental method are respective within |4.43 %| and |3.38 %|. The effectiveness of above improved formula is verified. 
Conclusions
In this paper, through the analysis on the influence of length, wall thickness, mean diameter, diameter-thickness ratio, size and installation position of terminal box on the circumferential natural frequencies of cylindrical shells, the influence of stator core and motor case simplified as cylindrical shells on their circumferential natural frequencies, and calculation for the circumferential natural frequencies of stator structure with analytical method, FEM and experimental method, the following conclusions can be obtained:
1) The length of cylindrical shells has little influence on their circumferential natural frequencies, which can be neglected in calculation. The circumferential natural frequencies of cylindrical shells have approximately linear relationship with their wall thickness. However, when the ratio of circumferential natural frequency is larger, with the increase of circumferential modal order, the ratio slightly declines. The circumferential natural frequencies of cylindrical shells have inversely proportional relationship with the square of the mean diameter. But when the circumferential modal order increases, the ratio of circumferential natural frequencies slightly rises. The change rate of circumferential natural frequencies of cylindrical shells has approximately linear relationship with the diameter-thickness ratio. The smaller the diameter-thickness ratio of cylindrical shells is, the lower the change rate of circumferential natural frequencies is. The higher the modal order is, the lower the change rate of circumferential natural frequencies is. The existence of terminal box can improve the circumferential natural frequencies corresponding to order of cylindrical shells, but the big or small of size of terminal box has no effect on the circumferential natural frequencies of cylindrical shells with terminal box. The installation position of terminal box has almost no effect on the circumferential natural frequencies of cylindrical shells, which can be ignored in calculation.
2) The error of results gained by traditionally analytical formula increases as the diameter-thickness ratio decreases. For the sake of reducing error, a new analytical formula considering diameter-thickness ratio for calculating circumferential natural frequencies of cylindrical shells was developed. Compared with the results of FEM, the correctness of the analytical formula was verified. The stator core is simplified as a cylindrical shell with the same volume, length and outer diameter. The stiffness correction coefficient because of model simplification is added in the analytical formula which makes the error between the analytical results and results of FEM within |2.39 %|. The motor case is simplified as a cylindrical shell with the same volume, length and inner diameter. The stiffness correction coefficients due to model simplification and existence of terminal box are added in the analytical formula which makes the error between the analytical results and results of FEM within 6.98 %.
3) When the circumferential natural frequencies of stator structure are calculated by analytical method, a new analytical formula considering diameter-thickness ratio of stator structure, model simplification, existence of terminal box and mutual constraints among the components of stator structure is presented. Compared with the results of FEM and experimental results, the relative errors are respective within 4.43 % and 3.38 %, so the validity of the analytical method is confirmed.
